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Abstract. In the paper, we establish an inequaUty involving the gamma and 
digamma functions and use it to prove the negativity and monotonicity of a 
function involving the gamma and digamma functions. 



1. Introduction 



It is common knowledge that the classical Euler gamma function r(a::) may be 
defined for a; > by 



r(x) 



(1) 



The logarithmic derivative of r(a;), denoted by ij{x) = called the psi or 

digamma fmrction, and ^p^^^ (x) for fc £ N are called the polygamma functions. It is 
well known that these functions are fundamental and that they have much extensive 
applications in mathematical sciences. 

The aim of this paper is to establish an inequality involving the gamma and 
digamma functions. The result may be stated as the following theorem. 

Theorem 1. Fort G (0, oo), we have 



1 + 2t 
~2t^ 



inr 



l + 2t 



-lnr(t) 



(2) 



As applications of Theorem 1, the following negativity and monotonicity are 
obtained. 



Theorem 2. For (— 1,— -i), the function 

xip{x + y + 1) - lnr(a; + y + 1) + h\T{y + 1) 



is negative and decreasing with respect to x E 



2(y+i) 



l+2y 



2(y+l)(x + y+l) 



, oo 



(3) 



Remark 1. The negativity of the function (3) is equivalent to 



T{x + t) 



l/x 



m 

for t G (O, i) and x G [-^^j, oo) 



> exp 



tpi^x + t)- 



2t{x + 1) 



(4) 
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2. Lemmas 

In order to prove our main results, the following lemmas are needed. 

Lemma 1 ([10, p. 305]). For x > 0, we have 

11,, 1 
Ti n < tpix + 1) — ma; < — . 

Lemma 2 ([3, Lemma 1] and [8, Theorem 1]). The inequality 

l/(a-b) 



is valid for positive numbers a and b with a ^ b, where 

b — a 



L{a,b) 



In 6 — In a 



(5) 



(6) 



(7) 



stands for the logarithmic mean. 



Lemma 3 ([16, Theorem 1]). For real numbers s > and t > with s ^ t and an 
integer i>0, the inequality 

(-l)V«(ip(s,i)) < TZ^ /%W(«)dn < (-l)V(^)(Lg(5,t)) (8) 

holds if p < —i — 1 and q > —i, where Lp{a,b) is the generalized logarithmic mean 
of order p £R for positive numbers a and b with a^b, 

5P+1 _ (jP+i 1 



Lp{a,b) 



(p + !)(&- a), 
b — a 



In 6 — In a 

e \a° 



p = -l; 
p = 0. 



(9) 



Lemma 4. For x G (0, oo) and fc e N, we have 

1 
2 



1 \ 1 1 

ln( a; + < -ipix) < lii{x + 1) 

X x 



and 



k\ , , (fc-1)! fc! 



(10) 



(11) 



(a; + l)'= ar'^+i ^ ^ r v ; (a; + 1/2)'= a;*^+i 

Proof. In [5, Theorem 1], the following necessary and sufficient conditions are ob- 
tained: For real numbers a 7^ and the function 

■e^r(x + l) 



9a A^) 



, X G (max{0, —P}, 00) 



_{x + P)'=+l^_ 

is logarithmically completely monotonic if and only if either a > and /3 > 1 or 

a < and fi < \. Further considering the fact in [1, p. 98] that a completely 
monotonic function which is non-identically zero cannot vanish at any point on 
(0,00) gives 

{-lf[\ngocAx)\^^^ = {-l)''a[x + lriT{x) + hix - {x + ln(a; + ^)]('=) > 
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for A: G N and x G (0, oo) if and only if cither a > and /3 > 1 or a < and 
l3 < ^. As a result, from straightforward calculation and standard arrangement, 
inequalities (10) and (11) follow. Lemma 4 is thus proved. □ 

Lemma 5 ([6, p. 296] and [7, p. 274, (3.6.19)]). For x > 0, we have 

1 1 



Inl 1 + - 1 < 



X J 2x + l 



1 + 



12x 12(a;+l) 



(12) 



Lemma 6 ([4, p. 107, Lemma 3]). For x € (0, oo) and k gN, we have 

1 1 

In a; < tb(x) < Incc (13) 

X ^ 2x ^ ' 

and 

+ 2^ < (-1)'=+V('^'(-^) < + (14) 

Remark 2. It is noted that the left-hand side inequality (8) for z = and p = —1 is 
just the inequality (6). For more information about inequalities (6) and (8), please 
refer to [9, 14, 15] and related references therein. 

Remurk 3. In [2, Corollary 3] and [13, Theorem 1], it was proved that the double 
inequality 

\n(x+]A--<il){x)<\n{x + e~'')-- (15) 



2 J x X 
holds on (0,oo). In [13, Theorem 1], it was also shown that the scalars \ and 
= 0.56 • • ■ in (15) are the best possible. It is obvious that the inequality (15) 
refines and sharpens (10). 

Remark 4. In [12], the inequality (11) was refined and sharpened. 

3. Proofs of theorems 
Now we are in a position to prove our theorems. 
Proof of Theorem 1. It is clear that 
l + 2t 



2t^ 



inr(^)-inr(0 



t/(l+2t) 



2t^ 



so the required inequality (2) can be rewritten as 



I -\-2f f* 

p(t) = ^7^ V(«)dti-v(0 + i>o, t>o. 

Jt/{l+2t) 

The inequality (5) is equivalent to 

From (16), it follows that 

> / (^^u- ^ - -^^du- (hit- +1 

2t^ A/(i+2t)V 2u 12n2; V ^tj 

_ 4i-31n(2i+l)-l 

" 12^ 

12*2" 
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Since q'{t) = ^^pj^, the function q{t) increases for t > j. By = 0.002 • • • > 0, 

it is easy to see that the inequality (2) holds for f > | = 1.1428 ■ 

t 

l+2t 



Letting a = t and b = in (6) and (7) gives 



lnr(i/(l + 2t)) -lnr(t) 



> V 



2t^ 



t/{l + 2t)-t 

Since the inequality (2) can be rearranged as 

lnT{t/{l + 2t))-lnT{t) 
t/{l + 2t)-t 

for t > 0, it is sufficient to show that 

2*2 



(1 + 2t) ln(l + 2t)J' 



> m - 1 



(1 + 2t) ln(l + 2t) J Jlt'^/(l+2t) ln(l+2t) 



J2t 



i)'{u)Au<l (17) 



holds on (0, |). 

Taking s = (i_|_2t)^in(i+2t) ' * = 1 p = — 2 in the left-hand side of the inequal- 
ity (8) leads to 



2t2/(l+2t) ln(l+2t) 



tp'{u) du < 



2e 



(2i-h l)ln(2i-h 1) 



2*3 



(2i + 1) \n{2t + 1) 



1/2 



Combining this with (17) reveals that it suffices to prove 



V'' 



2t^ 



-,1/2 



{2t + 1) ln(2t -I- 1) 



< 



{2t + 1) ln(2t -I- 1) 
t[{2t + 1) \n{2t +1)- 2t] 



(18) 



forte (0,|). 

The right-hand side inequality in (11) for A; = 1 results in 



2r 



{2t+l)\n{2t+l) 



1/2 



< 



(2i + l)ln(2< + 1) 
2i3 



A/2t3/(2i + l)ln(2t + 1) + 1/2 
Then, in order to prove (18), it is enough to show 
{2t + 1) \n{2t + 1) 1 



2i3 



^J2t^/{2t+l)hl{2t + l) + 1/2 



< 



(2t+ l)ln(2t+ 1) 
t[{2t + 1) ln(2t + 1) - 2t] 



(19) 



forte (0, f). 

The inequality (12) can be rewritten as 



, tit^ + m + 12) 

^"^^ + ^)< 6(t+l)(t + 2) ' 



(20) 
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Therefore, to verify (19), it is sufficient to prove 



(2t + l) 2t(4t2 + 24i+12) 



2t3 



6(2t + l)(2t + 2) 

' 2t+l 



6(2t+l)(2t+2) 
2t(4t^+24t+12) 

< 



2t 6(2t+l)(2t+2) 
2t+l ■ 2t(4t^+24t+12) 



(21) 



for t e (O, f ), which can be simphfied as 

+ 6i + 3 2 
3t2(< + 1) + 1 + + l)/(t2 + 6i + 3) 

'I2f2(t+ 1) + 11^2 +3^-3 ^ 



< 



i2 + 6t + 3 



i2 + 6t + 3 



> 



t2(i- 



3) 



t2 + 6i + 3 



2(t2 + 6t + 3)' 



(22) 



Since q{t) is increasing on (0, oo) with q{Q) = —3 and g(l) = 14, the function q{t) 
has a unique zero G (0, !)• From q{\^ — — |, we can locate more accurately that 
to e (i, 1). When Q <t< i,,, the function q{t) is non-positive, so the inequality (22) 
is clearly valid. When t > t^, the function q{t) is non- negative, so squaring both 
sides of (22) and simplifying gives 

h{t) = 9t^ + Mt^ + 55i* - 60i^ - 93*^ - 18i + 9 < 0. 

Direct differentiation yields 

h'{t) = 54t^ + 270t^ + 220i^ - 180i^ - 186t - 18, 

h"{t) = 270t^ + 1080i^ + 660i^ - 360i - 186, 

hP^\t) = 1080i^ + 3240t^ + 1320i - 360. 

It is clear that the function /i^^^ {t) is increasing with limt_,.oo h^^^ [t) = oo and 
/i''^^(0) = —360, so the function h^^^t) has a unique zero which is the unique 
minimum point of the function h"{t). Since h"{0) = —186 and limt_,.oo h"{t) = 
00, the function h"{t) has a unique zero which is the unique minimum point of 
the fimction h'{t). From h'{0) = —18 and limt^oo ^'(i) = oo, we conclude that 
the function h'(t) has a unique zero which is the unique minimum point of the 
function h{t) on (0,oo). Due to h{0) = 9, = /t(f) = -ffff and 

limt_).oo h{t) = oo, it is not difficult to see that the function h{t) < on (i, |). As 
a result, the inequalities (22), and so (21), holds on (O, |) . The proof of Theorem 1 
is complete. 



□ 



Proof of Theorem 2. Denote the function (3) by q{x,y). Differentiating and using 
the right-hand side inequality in (14) yields 



dq{x,y) 
dx 



< X 



= X 



tp'{x + y + l) 
1 



[■>■ + '^!J + ^) 
2{y+l){x + y+l)\ 

1 {x + 2y- 



x + y + 1 (.T + ?y + 1)2 
a;(l + 2jy) + 2(y + l)2 - 
2(y + l)(a; + y + l)2 _ 



2{y + l){x + y + ly^ 
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the function 



is negative for (x, y) G 



2(;/+i) 



oo ) X (—1, —5), so the func- 



tion q{x, y) is decreasing with respect to x S 
Furthermore, from 



-^,oo)for,e(-l 1 



2(2/ +1)^ , 
1 + 2?/ 

2y + l 



2(2/ +1)^ 



2y + l 



- 



y 



22/ + 1 



-inr - 



22/+1 



-lnr(y + l) 



2/ + M , lnr(t/ + l)-lnr(-(y+l)/(2y+l)) 
'22/ + I 



+ 



2/ + l-[-(2/ + l)/(2y+l)] 

and the inequality (2), it follows that the function q(^— ^^^^2y iV) negative for 
y G (— 1,— I), and so the function q{x,y) is negative for x € 
y e (—1, —5)- The proof of Theorem 2 is complete. 

Remark 5. This paper is a part of the preprint [11]. 



l+2y 



and 
□ 
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